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The gravitational energy is examined in asymptotically de Sitter space-times. The positivity will be 
shown for certain cases. The de Sitter/CFT(dS/CFT) correspondence recently proposed and cosmic 
no-hair conjecture are testified in the aspect of the gravitational energy. From the holographic 
renormalization group point of view, the two conjectures are deeply connected with each other. 
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I. INTRODUCTION 

The origin of de Sitter entropy is getting to be cen- 
tral issue n]: From some considerations based on the 
euclidean quantum gravity or quantum field theory in 
curved space-times, we obtain the Hawking-Bekenstein 
formula for the de Sitter space-times Qj. The entropy 
is proportional to the area of the cosmological horizon. 
Remember our success on the black hole entropy which 
is described by the state counting of string 0. How can 
we explain the de Sitter entropy in string theory? Apart 
from an issue of the de Sitter entropy, the fundamental 
study about the de Sitter space-times is important be- 
cause our universe has experienced the inflationary phase 
in very early stage, and the recent observation supports 
the existence of the positive cosmological constant [Q. 
The deep understanding of de Sitter geometry will tell 
us the origin of the vacuum energy. 

One way to this end might be given by de Sit- 
ter/CFT(dS/CFT) correspondence recently proposed @] 
as a possible extension of AdS/CFT correspondence ||. 
Then, the de Sitter entropy should be explained by eu- 
clidean CFT one. If we do not care details, dS/CFT cor- 
respondence is naively expected from formal correspon- 
dence to AdS/CFT through double Wick rotations. This 
relies on the fact that the de Sitter metric 



ds 2 



is obtained through the double Wick rotations (t 
X i-> it) of AdS: 



(1) 



ds 2 



d X 2 + e 2 ^/- A/6x (-dt 2 + dx 2 + dy 2 + dz 2 ). (2) 



For example, the trace anomaly of CFT is easily repro- 
duced 0. Conversely, this means that things learned in 
study of the inflationary scenario is useful for AdS/CFT 
brane- worlds [^) and holographic renormalization 
group |§. 

In this paper, we study the gravitational energy in 
asymptotically de Sitter space-time, and discuss its sig- 
nificance in the context of dS/CFT correspondence and 
the cosmic no-hair conjecture. The gravitational energy 
has been investigated so far in the inflationary universe. 
As Ashtekar and Das pointed out in AdS/CFT context 
fj"lf , it is natural to expect that the energy of euclidean 



CFT is related to the gravitational energy measured on 
the boundary of the de Sitter space-times. The gravi- 
tational energy will also be relevant for the stability of 
the de Sitter space-times and the corresponding euclidean 
CFT. As related topics, there is so called cosmic no-hair 
conjecture p|,|T2|]. It is widely believed that initial inho- 
mogeneity in our universe is rapidly stretched out and 
precisely evolve to the de Sitter space-times during the 
inflation. We can discuss the dynamics of such an evolu- 
tion in terms of the gravitational energy [jl3|] . 

The rest of the present paper is organized as follows. 
In the Sec. O, we consider the asymptotically de Sitter 
space-times and their asymptotic behaviors. As an ex- 
ample we examine the n-dimensional Schwarzschild-dc 
Sitter space-time. In the Sec. Ill, we discuss the relation 
of the energy defined by Weyl tensor and the Abbott- 
Deser(AD) energy [ jl4| . The AD energy has, however, 
a conceptual problem in asymptotically de Sitter space- 
times due to the non-existence of global static Killing 
vector. We propose the conformal energy associated with 
conformal Killing vector or spinor in Sec. IV. We show 
the positive energy theorem for the conformal energy and 
give a simple relation to the AD energy. In Sec. V, we 
discuss dS/CFT correspondence and cosmic no-hair con- 
jecture as applications. Finally, we summarize our study 
in the Sec. VI. 



II. ASYMPTOTICALLY DE SITTER 
SPACE-TIMES 

A. Conformal infinity 

In this section, we briefly give a review of the asymp- 
totically de Sitter space-times following Ref. [la ]. 

Definition: An n-dimensional space-time [M, g) will 
be said to be asymptotically de Sitter if there exists a 
manifold with boundary, M, with the metric g such that 
(i) there exists a function fl on M such that g = Q 2 g 
on M, (ii) X = dM and f2 = on 2", (iii) g satisfies 
n-dimensional Einstein equation 

- {l/2) gitu R + A 5m „ = 8itT^, (3) 

where f2~(™~ 1 )X' M ly admits a smooth limit to X and A > 
is the positive cosmological constant. 
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Then, we can show that 



-A + 



n 2 



(n — — 2) n(n — 1) 



n(n — 1) 



i? + 0(ft 3 ) 
R + 0(Q 3 ) (4) 



holds, where a hatted tensor field is regarded as a ten- 
sor field on M . The extrinsic curvature of the 
£1 = constant hypersurfaces in (M, g) has the following 
behavior near the conformal infinity; for the trace part 



K = (n- l)H - 



n + 1 



2n(n - l)H 
and for the trace-free part 
1 



Rn 2 + o{n 3 ), 
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q\K = 0{tt 2 ), 



(5) 



(6) 



where denotes the metric of the Q = constant hyper- 
surface. The derivation of these asymptotics is similar 
to that in the asymptotically AdS space-time (A < 0), 
which is described in Ref. pQ] . 



B. Spatial infinity and constant mean curvature 
slices 

In asymptotically flat space-times, there is a natural 
concept of the total gravitational energy (ADM energy 
fl6|| ) defined at the spatial infinity i°. While in asymp- 
totically de Sitter space-times, the conformal infinity X 
consists of space-like hypersurface as seen from Eq. (^), 
so that there are many spatial infinities on X. We shall 
specify this by considering a flat chart of the de Sitter 
space-time as a reference background. It is useful be- 
cause the intrinsic geometry of each constant time hyper- 
surface of asymptotically de Sitter space-time will look 
like (n — l)-dimensional flat space. In order to see this 
in more detail, it is better to look at the Hamiltonian 
constraint on a space-like hypersurface E: 

("■-VR + K 2 - K^K^ = VvnT^rfr? 

+ (n-l)(n-2)H 2 , (7) 

where is the future pointing unit normal vector to 
S. If there is a constant mean curvature slice K = (n — 
1)H in an asymptotically de Sitter space-time, Eq. (Q) 
becomes 



{n -^R-a^ 



(8) 



which is exactly the same form as the Hamiltonian con- 
straint on a maximal [K — 0) hypersurface in asymptot- 
ically flat space-times. 

This observation indicates that the asymptotically de 
Sitter initial data can be formulated in a similar man- 
ner to the asymptotically flat case. More precisely, we 



shall call an initial data set (S, g^-, Kij) for the Einstein 
equation @ the asymptotically de Sitter initial data, if it 
satisfies 



2m 

r n — 3 



o 



(—) 

\ r n-2 J 



and 



where 



Kij = Hqi 



O 



\ r n-2 J' 



(9) 



(10) 



Let "« be spatial infinity at r 



oo. "i is presented by a point of the conformal infinity 
in the Penrose diagram. When we evaluate the total 
finite energy later, we must impose a stronger condition 
as follows: 



Kij = Hqi 



O 



1 



(11) 



As K — slices in asymptotically flat space-times 
|l7| , it is likely that we can prove the existence of 
K = (ri — 1)H slices. In particular, it has been numer- 
ically confirmed that the 4-dimensional Schwarzschild- 
de Sitter is foliated by K = 3H slices Q. Moreover 
we can foliate the n-dimensional Schwarzschild-de Sitter 



space-times by K^ 
dimensional case): 



Hq^ slices (See Ref. pi for 4- 



ds 2 



1 — m/2(ar) 



n — 3 



2 



1 + m/2(ar) n - 3 
1 "' 



2{ar) 



n — 3 



1 2 

dt 2 

4/(n-3) 



8ijdx l dx :) , 



(12) 



where a 



m 



This is a good example in the peda- 



gogical point of view. Let us consider where the above 
coordinate covers. Best we can do is to find the coordi- 
nate transformation from the above chart to the static 
chart in which the metric is 



ds 2 = -F{R)dT 2 



1 



F(R) 



dR 2 + R 2 dQ 2 



(13) 



where F(R) — l — 2m/R n 3 — H 2 R 2 . The corresponding 
coordinate transformation is given by 



R = ar 



2 (or) 



n— 3 



2/(n-3) 



and 



T = t + H 



R 



2m 



F(R) V R n ~ 3 
Figure 1 shows the Penrose diagram 



-1/2 



dR. 



(14) 



(15) 
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III. ABBOTT-DESER ENERGY AND WEYL 
TENSOR 

In this section, we show that the conserved Abbott- 
Deser(AD) energy [Q is identical to that defined by Weyl 
tensor on the constant mean curvature slices. The latter 
will play a central role in dS/CFT issue later. The AD 
energy has the expression |fl3 14 2C[l 

Eab = Madm + APadm 



(0, 



(16) 



APadm (0 = ^adm(I) - Padm(0 



8tt 



(17) 



Kq 



»3i "11 



= — (n — 2)Hqij is that 



where Try = i^y 
defined on the background, is the space component 
of the static Killing vector of the background de Sitter 
space-time in the flat chart. S*^ -2 denotes the n — 2- 
sphere at the spatial infinity . (See the Appendix A 
for the definition of the AD energy.) 

On the other hand, we may expect that the gravita- 
tional energy is measured by the tidal force (the electric 
part of the Weyl tensor). It is natural to expect a direct 
relation between the AD energy and the Weyl tensor. 
In fact, this has been confirmed for the four-dimensional 
spherically symmetric case We will extend this to 

general cases. 

The total gravitational energy associated with a slice 
E is defined in terms of the n-dimensional Weyl tensor 
(n) CW by 

E W ~ ~ £ ar^C^rVr"n a nPdS n - 2 
8tt J sz -2 



Madm 



(n-3)H I 



8tt 



n — 3 / 



(18) 



where, S^ 2 is regarded as the (n — 2)-sphere at the spa- 
tial infinity (i ) of E, f M is the unit outward normal vec- 
tor to S^ 2 (specified by the condition r^n^ = 0) and 
:= — Hq^. Here we used 

A/adm = ~<f ar^R^f v dS n - 2 



1 

i67r r<?"-2 



[O'q.j n^.tds'. (19) 



and 



= + {n - 3)ff(v + ^-^V,, 

injftjjAV rvfi "'Oil/- 



(20) 



Those can be derived following the argument of Rcf . [5TJ . 
If K = (n — 1)H holds on E, we have k — so that 
Eq. (|j~8|) becomes 



Etjv — Madm — 



?i — 3 

"sir 



(Har)k^r> i r v dS T 



(21) 



In the same way, we obtain the same expression for the 
AD energy. Here we have required fc M „ = 0(1 /r™^ 1 ) 
to make the second term finite.^ This fall off might be 
faster than naively expected (See Sec. IIB). However, on 
K = (n— l)H slices, we have a simple expression: E\y = 
Ead = Madm- 

Here we have one serious and well known problem. AD 
energy defined here is associated with the static Killing 
vector. The Killing vector is spacelike outside of the cos- 
mological horizon and evaluate the total energy outside 
the cosmological horizon. This is not congenial to the 
term "energy" , because the energy must be measured by 
the timelike observers. In the next section, we discuss a 
new interpretation of the energy which supports the use 
of the AD energy in asymptotically de Sitter space-times. 



IV. ENERGY AND CONFORMAL KILLING 
VECTOR 

In this section we introduced the new energy associated 
with the conformal Killing vector/spinor to overcome the 
conceptual problem of the AD energy. 



A. Conformal Killing vector and spinor 

The de Sitter space-time has also a conformal static 
Killing vector, which is everywhere timelike, deduced 
from its conformal flatness. In terms of the conformal 
time the de Sitter metric can be written as 



ds 2 



a 2 (r)[-dT 2 + 6 lj dx l dx j ], 



(22) 



and the conformal static Killing vector isf| 

f = d T = ad t (23) 

satisfying conformal Killing equation 

£ 55m „ = 2Hg^ v . (24) 

Correspondingly, the conformal Killing spinor e is defined 
by 



"The corresponding term in asymptotically flat space-times 
is f k )1 vr tJ 'r v d n ~ S which is automatically finite because of 
the absence of the factor, Har. 

' There is an ambiguity related to the trivial rescaling free- 
dom. But, the freedom is renormalised into the definition of 
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(25) 



Toi — Toi 



(30) 



We can easily check that ej^e is the conformal Killing 
vector. Equation ( p5[ ) is invariant under the conformal 
transformation g^ — f2 2 g M „ with e = f2 1 / 2 e. 

Let us consider the pure de Sitter case. We take 
£1 = a -1 and then e = a^ 1 ^ 2 eo, where eo is a constant 
Killing spinor satisfying 7°eo = ieo (0 denotes the time- 
component with respect to the orthonormal basis). The 
associated vector is £ M = £o7 M eo = {d T Y ■ 

It is helpful to see the relation between V^e and V^e: 



i n 

20, 



7i7° ?, 



(26) 



where we set fl = a = e . The second term is 
expected to compensate the cosmological term in Vj, 
because the conformally transformed space-time will be 
asymptotically flat. 

Finally, we look at the features of the asymptoti- 
cally flatness for the conformally transformed space-times 
in detail. As an example, we take the n-dimensional 
Schwarzschild-de Sitter space-time given by Eq. ( |l2"| ) . For 
ar ^> m the conformally transformed metric becomes 



g^vdx^dx" 



I 



2m 



(ar)™- 3 
2m 



dr 2 



(n - 3)(ar)"~ 3 



5ijdx l dx 3 . 



(27) 



The point, which is different from the standard asymp- 
totically flat space-times, is the scale factor dependence 
appearing together with the radial coordinate r like 



»/[o(t)f 



ln-3 



B. Conformal energy 



Let us consider the total gravitational energy in con- 
formally transformed space-times. 

First, we propose the energy associated with the con- 
formal Killing spinor. Since we are considering the 
asymptotically flat space-times, we might be able to 
prove the positive energy theorem (See Ref. [|o| for 
asymptotically dS space-times.) if all the asymptotic ar- 
guments are correct. The conformal energy is defined 
by 

E w : = y'dV(e t 7^ Q V Q ? + h.c.) 

= / dt \\Vie\ 2 + 47rf m \i\ 2 + Anf^jk] , (28) 



where 

87rf 00 = 87rToo + (n - 2)H [(n - l)H - K] , (29) 

and 



For a K = (n- l)H slice we get T 00 = Too horn Eq. (||). 
Thus, Ew is manifestly non-negative on the K = (n — 
\)H slices if the dominant energy condition for the stress- 
energy tensor is assumed. In addition, we can prove 
that the physical space-time is the de Sitter space-time 
with A = (n - l)(n - 2)H 2 /2 if E w = is satisfied. 

As usual Ew is the ADM energy plus ADM momentum 
for the conformally transformed space-time. This means 
that Ew is written by the electric part of the Weyl tensor 
0ft 



Ew — 



1 

8^ 



rC fiav0 n"n v f a fl 3 dS r ' 



(31) 



Since the Weyl tensor is invariant for the conformal 
transformation, we can show Ew = a 3 ~ n Ew, where 
Ew is defined by Eq. ([l8]) and identical to AD energy 
on K — (n — 1)H slices together with the condition 
= (^(l/r™- 1 ). Hence we could prove the positivity 
of AD energy]^. 



V. APPLICATIONS 

Based on the Abbott-Deser energy, we carefully exam- 
ined the gravitational energy in asymptotically de Sitter 
space-times so far. In this section as examples we will use 
the energy to testify dS/CFT correspondence and cosmic 
no-hair conjecture. 



A. dS/CFT correspondence 

Here we shall consider the dS/CFT correspondence in 
terms of the gravitational energy. 

The stress-energy tensor of CFT can be evaluated as 




*The conformally transformed spacetimes is asymptotically 
flat spacetimes in our sense. This means that we can use the 
argument in asymptotically flat spacetimes. 

§At first glance this seems to contradict with two examples 
with the negative AD energy given in Ref. [flif . Here, to re- 
move any confusions, we insist that there is no contradiction. 
There are two distinctions between the present study and pa- 
per Jl|. In Ref. jl3| the authors did not pay attention very 
much on the finiteness of AD energy. The spherical example 
with the negative AD energy in Ref. does not have the 
constant mean curvature slices. This means that the local 
energy condition for T M „ does not hold. 

As a result, we obtained the following corollary: there are 
no K = (n— 1)H slices satisfying the strong fall-off condition 
such that the AD energy is negative 
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(?V)cft = (n - 2)Hq flv + K^ v - q^K 

The derivation is quite similar to the quasi-local en- 
ergy proposed by Brown and York [24L who used the 
Hamilton- Jacobi formalism, so that Eq. (f32|) has also the 
concept of the quasi-local energy. Hence we expect that 
it expresses the total gravitational energy at the confor- 
mal infinity. If this expectation is correct, it will be a 
demonstration of dS/CFT correspondence. 

Physically the total energy is measured via the tidal 
force at the infinity, which is encoded in the electric part 
of the Weyl tensor: 

Ep, = {n - 1] G^ + (n - 3)H(k^ - q^k) 

-\-kk^ v — k^ a k v + -^q^yikapk 01 ^ — k 2 ). (33) 

The total gravitational energy can be evaluated with E^ v 
pl[ . As seen in Sec. Ill the extrinsic curvature has 
the asymptotic behavior 



K„ 



where 



Hquv 



o 



(34) 



(35) 



near the conformal infinity. 

Accordingly, the stress-energy tensor of CFT is written 

as 



/ii//CFT 



(n-3)H 



^ G^ v + (fcpjy q^Luk) + ■ 



From Eqs. ( |33] ) and ([56]), we have 

(n - 3)ff(T MI/ ) C FT - E^ v = -kk M 

= 0(l/r 



2n-2\ 



(36) 



(37) 



near the conformal infinity. 

Integrating over sphere S n ~ 2 at the spatial infinity 
introduced in the previous section, we obtain 



dS r 



dS v 



{n-Z)H(T^) CFT -E^f 



or 



E w =(n- 3)H 



Jsz- 2 



dS r 



CFT f^f". 



(38) 



(39) 



Hence the energy of CFT is identical with the total grav- 
itational energy. This can be contrasted to Ashtekar and 
Das's claim for AdS/CFT correspondence. 



B. Cosmic no- hair 

Let us remember that M is positive definite and Ew = 
Ead/i 71 ^ 3 - Since -Ead is conserved, we have M — ► as 
a — ► oo for n > 3. This shows the cosmic no-hair prop- 
erty, since M = implies that the physical space-time is 
the de Sitter space-time. As a result, inhomogeneities on 
K = (n — 1)H slices will be stretched as time passes long 
enough. In other words, the geometry near the conformal 
infinity looks like the deSitter spacetime. 

The cosmic no- hair is closely related to dS / CFT corre- 
spondence. In the same way as AdS/CFT, the method of 
holographic renormalization group for the euclidean CFT 
is applied, where the time coordinate t of the de Sitter 
metric is related to the renormalization scale. Hence it 
is important to show that the space-times with the pos- 
itive cosmological constant evolves toward geometry like 
ds 2 = —dt 2 + e 2Ht qij(x)dx' dx^ which is just the state- 
ment of the cosmic no-hair conjecture. 



VI. SUMMARY 

In this paper, we examined Abbott-Deser energy. First 
we showed that AD energy is identical with the energy 
defined by the electric part of the Weyl tensor. Since the 
electric part expresses the tidal force, this is physically 
desirable result. 

Next we introduced the new energy associated with the 
conformal Killing vector to overcome one serious prob- 
lem of AD energy. Since AD energy refers to the static 
Killing vector of the de Sitter space-time, which is space- 
like outside the cosmological horizon, so that the physi- 
cal meaning of AD energy outside the cosmological hori- 
zon is not clear. The point is that de Sitter space-time 
has the global static conformal Killing vector since it is 
conformal to the flat space-time. We therefore expect 
that an asymptotically de Sitter space-time is conformal 
to some asymptotically flat space-time, and that corre- 
sponding asymptotically conformal static Killing vector 
gives a natural definition of the gravitational energy. As 
an example, we consider the conformal energy in terms of 
the Nester formula, which has some nice properties; On 
a K = (n — 1)H slice, the conformal energy is positive 
definite and vanishes iff the physical space-time is the de 
Sitter space-time. Furthermore, with the strong fall off 
condition on the traceless part of the extrinsic curvature 
k^u , the conformal energy agrees with the AD energy up 
to the scale factor. 

We discussed the role of gravitational energy in 
dS/CFT correspondence and cosmic no-hair conjecture. 
We showed that the CFT energy is same as the gravita- 
tional energy. This provides us one evidence for dS/CFT. 
The cosmic no-hair was discussed by using the energy de- 
fined in conformally transformed space-times. The con- 
formal energy becomes zero near the future infinities due 
to the scale factor dependence of the energy, and then 
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from the positive energy argument, we can conclude that 
the physical space-time approaches the de Sitter space- 
time. This feature supports the cosmic no-hair conjec- 
ture. 

Our arguments relies on the existence of a constant 
mean curvature slice of K = (n — 1)H and the fall-off 
condition for the extrinsic curvature k^ v . We expect the 
existence of such a constant mean curvature slice for a 
wide class of space-times p6fl . K = (n — 1)H slices are 
also suitable for the set-up of dS/CFT correspondence. 
The fall off condition on the traceless part of the extrinsic 
curvature might be rather strong, though it is essential to 
make the energy finite. Under this condition, the total 
gravitational energy is well-defined and dS/CFT corre- 
spondence works well. 
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APPENDIX A: ABBOTT-DESER ENERGY 

We decompose the metric into n-dimensional de Sitter 
metric g^ v and the rest h^ u ; g^ = g^ v + /i M „. The ba- 
sics to define the energy is that the Einstein equation is 
^R L - Ah» v = (-g)-^ 2 T^, where 
is the linear part of Ricci ten- 



written as R^" 



sor R^v with respect to h^ v . From the Bianchi identity, 
we see V M T^ = and then d^T^^) = 0, where 
is the static Killing vector of the background de Sitter 
space-time. Thus we can define the conserved energy as 



Ead = i / d^xTo^ 

07T 



(Al) 



If the background geometry is given by the de Sitter 
metric g = —dt 2 + a(t) 2 Sijdx l dx^ , where a(t) — e Ht , 
the background Killing vector has the component £ p = 
(1,— Hx l ). Then, Eq. ( |l6| ) gives the refined form of the 
AD energy. For the rj-dimcnsional Schwarzschild-de Sit- 
ter space-time Eq. ([l2]), the AD energy is just the mass 
parameter: 



fn - 2)tt("- 3 )/ 2 
E A d = ; ; m. 



4r 



(A2) 



APPENDIX B: CONFORMAL KOMAR MASS 

We consider the stationary case such as Kerr-de Sitter 
space-time. In this case, we can consider the confor- 
mal Komar mass defined below. (See the original paper 



p2"| for the Komar mass.) Let us consider the confor- 
mal transformation g^ = aT^g^v with a — e Ht . The 
stationary Killing vector £ = dt of the original space- 
time becomes conformal Killing vector of the conformally 
transformed space-time satisfying 



(Bl) 
(B2) 



Then, we can show that 
and 

e paai --- an - 2 V a {e ai ... an _ 2tl Mn = -2(n-2)\RP a ^ 

(B3) 

hold. Here the relation between R^ v and R^ is given by 
i?oo = Roo + KH, (B4) 

and 

Roi = Roi- (B5) 

Thus R^ does not contain the leading term from the 
positive cosmological constant term if we consider K = 
(n — 1)H slices, namely 



Ro 



tor [T, 



T 



:9oo 



(B6) 



n - T 

Moreover, in the vacuum region, we see 

e pCTQl - Q "- 2 V CT (e Q1 ... Q „„ 2 ^VT) = 0. (B7) 
Hence we can define the conformal Komar mass by 



8n ' 



. , R^^dV 
4tt .If, 



= 2 J (T^ - ^^9^T - A 3m „) & n v dV, (B8) 

which gives a conser ved energy. From the integrand in 
the last line in Eq. (B8), we can read that the vacuum 
energy is automatically subtracted. 



APPENDIX C: STRESS TENSOR OF CFT 



There are several way to derive Eq. 
the path integral procedure p5| : 



|). We adopt 



Z = 



Vge 
Vq 

Vqe 



Vge lSs 

9\B=q 



(CI) 



G 



where Tcft is the effective action of CFT living on the 
boundary. S c t is the counter term introduced to make the 
action finite. It is determined using the Hamilton- Jacobi 
formalism. 
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singularity t=oo 




FIG. 1. This is the Penrose diagram of 
the Schwarzschild-de Sitter space-times. The = Hq^ 

slice foliates a part of the whole space-times, t = const, and 
r = const, lines are drawn schematically. 
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